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The superposition model and the point-charge model have been used to calculate the energy levels
of Fe** at D, sites in Fe-pyrope garnet. A number of absorption bands in the near-infrared, visible,
and near-ultraviolet region of pyrope are quantitatively assigned to Fe?* at dodecahedral sites. The
order of the spin-allowed energy levels is the same as that given by Newman et al. [Am. Mineral 63,
1278 (1978)] and Chuanyi [Bull. Mineral. 104, 218 (1981)] and the spin-forbidden transitions ob-
tained by using the two models are also in agreement with that determined from absorption spectra
(Moore and White [Can. Mineral. 11, 791 (1972)] and Manning [Can. Mineral. 9, 237 (1967)]) . In
our calculation only two parameters are needed for the superposition model and one parameter for
the point-charge model since the self-consistent-field (SCF) d orbital for Fe?*+ proposed by Zhao and
Du [Phys. Rev B 28, 6481 (1983)] has been used. The results agree with both optical-absorption and
Modssbauer spectral data and also show that the Fe?>* at dodecahedral sites is of a highly ionic na-

ture.

I. INTRODUCTION

The study of the d-d spectra of garnets is of interest be-
cause the crystals can contain transition metals, and also
because these cations can be distributed between dode-
cahedral, octahedral, and tetrahedral sites. Among them
the main cation is Fe**, which is predominantly located
at dodecahedral sites with D, point symmetry. The elec-
tronic spectra of Fe?* in iron-bearing garnets have been
studied by many workers (Moore and White,! Burns,?
Manning,® Slack and Chrenko,* Lin,” and Newman
et al.%). It is generally agreed that Fe?* is responsible for
a group of three strong near-infrared bands due to spin-
allowed transitions and for a number of weak, sharp
bands in the visible region due to spin-forbidden transi-
tions.

Recently, Newman et al.% and Lin® gave the same order
of the spin-allowed energy levels of Fe’*+ obtained by us-
ing the superposition model and the point-charge model
(we use this form to represent the point-charge ionic
bonding model throughout the paper), respectively.
Moore and White' reached definite assignments for the
complicated visible bands of the pyralspites qualitatively,
and pointed out that a large portion of the spectrum is
dominated by the spin-forbidden bands of Fe**, split by
the highly distorted orthorhombic field of the eightfold
sites. Yet we know of no theoretical report using the ac-
tual symmetry D, for the spin-forbidden transitions of
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Fe*. This paper will report the results obtained by using
both the superposition and the point-charge models,
which are in agreement with both optical-absorption and
Mossbauer spectral data. In calculating the energy levels,
we have employed only two parameters for the superposi-
tion model and one parameter for the point-charge model,
having adopted Zhao and Du’s’ self-consistent-field (SCF)
d orbital for Fe?+.

II. THEORETICAL ANALYSIS

Huggins® remarked that the predominant contributions
to the crystal field in this system appear to arise from ions
in the first coordination sphere. The symmetry of the
Fe?*-Og dodecahedron is D,, and the Fe?* ions occupy
the 24¢ position of space group Ia 3d (Novak and Gibbs®).
There are five quintet states and a number of triplet states
for Fe’*, with 3d® configuration, on the D, sites. In the
present work we carry out calculations using two models,
i.e., the superposition model and the point-charge model.
In fact, the point-charge model may be regarded as a spe-
cial case of the superposition model where the power-law
exponents are t=3, t=>5.

A. Point-charge model

The one-electron crystal-field potential with garnet D,
symmetry can be written as
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where the geometric parameters a,f3,v,8,€ are of .the same
form as that used by Runciman and Sengupta;!°
Z2(6,,4;) denotes real spherical harmonic functions;
r;,6;,¢; are the coordinates of the d electrons in Fe?t; e
denotes the proton charge; g is the equivalent charge of
the ligand O*~.

Fe** is thus subject to the crystal-field potential

6
r=3V. : 2)

i=1

Using the proper basis function of D, symmetry, we ob-
tain, in the weak-field scheme, the Hamiltonian matrix
elements of the triplet states 34; (9X9 matrix), 3B,
(12X 12 matrix), 3B, (12X 12 matrix), 3B; (12X 12 ma-
trix), and of the quintet states °B,, °B,, °B;, and >4,
(2X2 matrix). The matrix elements (see Appendix) are
expressions of the Racah parameters B,C, the Trees
correction a, and the crystal-field parameters which are of
the form

1
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In our calculation, Zhao and Du’s’ d orbital for Fe?* has
been used, which gives
172
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(4)
The expectation values of »? and r* are
(r?)=2.2949 a.u., {r*)=14 a.u. ,
and the Racah parameters
"B=947 cm~!, C=3375cm~!. 5)

Thus the crystal-field parameters Dy, D,, D,, D¢, D, can
be obtained as long as we know the values of the
geometric parameters a,f3,v,6,€ that can be determined by
crystallographic data (Novak and Gibbs®). Finally, after
solving several determinants, we obtain both the spin-
allowed and the spin-forbidden transitions of Fe** in gar-
net D, sites. The results are given in Table I.

B. Superposition model

Newman et al.® gave the superposition-model equation
~ for the crystal-field parameters at garnet D, sites in the
form

t

R n
41 K" (B)
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Rp

, (6)

where K, (A), K (B) can be calculated from the angular
coordination (Newman and Urban!!); the 4,(R) are in-
trinsic parameters; the ¢, are power-law exponents. In the
present paper we employ the SCF d orbital for Fe** given
in (4), so the intrinsic parameters 4,(R) can be calculated
as

eq{r*)
R}

=618 cm™!,

|
ES

I
|~

(7

2
a4,=1 eq}i’ ) _7007 cm~",

which is in good accord with the values obtained by New-
man et al.:® 4,=596 cm™!, 4,=7060 cm~!. It seems
to be true that Zhao and co-workers’ d-orbital theory is
suitable for both the point-charge model and the superpo-
sition model.

With the assumption of the power-law exponents ¢, =3,
ty=17, the geometric parameters a,f3,v,6 and € are now of
the form

.
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Again, from (3), (5), and (8) we have the Racah parame-
ters B,C and crystal-field parameters D;,D,,D;,D¢,D,.
Therefore, both the spin-allowed and the spin-forbidden
energy levels of Fe** in garnet D, sites can be obtained.
All of the results are shown in Table 1.

III. DISCUSSION

A. Comparison of models

As shown in Table I, the results obtained by using two
models are nearly the same, which indicates that there are
some common points between those two models. Al-
though the superposition model, unlike the point-charge
model, makes no assumptions about the mechanics (or
magnitude) of ligand contributions which contain co-
valency and overlap as well as electrostatic interactions,
etc. (Newman!® and Newman and Chen!), the power-law
exponents we have chosen, #,=3, t,=7, are close to a
special case t,=3, t,=35, i.e., the point-charge model.
The conditions in our calculation, ¢,=3, t,=7 for the su-
perposition model and g =1.88¢ for the point-charge
model, show that Fe** at dodecahedral D, sites in pyrope
garnet is of a highly ionic nature. It is very interesting
that the Mdssbauer data (Amthauer et al.!’), the isomer
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TABLE L. Observed and calculated transition frequencies of both spin-allowed and spin-forbidden

Fe?* in Fe-pyrope garnet. All quantities are given in cm

-1

Calculated values®

Superposition Point-charge
Transition® Observed data® model? model®
54,(D)—°B,(D) 1100f 1547 1544
’B3(D) 4500 4485 4729
54,(D) 6100 6173 6153
B,(D) 7800 8135 7831
3B3(H) 14 500 15001 15317
3B (H) 16 300 16598 16 649
3B,(H) 17 400 17573 17341
3 3
B,(H),’B,(H) 18759,19485
3B,(H)* 19100 18988
3
A (H) 20061
B,(H)* 19800 19841
3
Ay(F) 20501
SAVH)* AP 20100 20 149,20582
3 3
B;(H),’B,(F) 21025,21086
3By (H)* 20900 20864
3
B,(P) 21610
3B, (F)*,’B,(P)* 21600 21323,21538
3B(F),’B;s(F) 22 800 22 620,22 796 22545,22 627
Fe’t 23400
34,(G) 23700 24090 24011
s 3 24300
B;(F),’B,(H) 24500 24 463,24 465 24509,24 684
34,(G),’B3(H) 25000 24924,25169 24 991,25 365
27200 26469 26520
26739 26617
26909 26728
26912 26822
27084 26935
27167 27327
29 0008 28566 28330

28934 29034

2The states with an asterisk are from the point-charge model if they are different from that which are

from the superposition model.

®The data are almost the same among different workers. Here the values are from Moore and White

(Refs. 1 and 12).

°The Racah-Trees correction a is, as usual, equal to 85 cm~! [Zhao and Du (Ref. 7)]. The Racah pa-
rameters B=947 cm~!, C=3375 cm~! determined by using the d-orbital theory [Zhao and co-workers

(Refs. 7, 13, and 14)].

9With the assumption of the power-law exponents ¢, =3, t,=7, the crystal-field parameters D;=—126
em~!, D,=592 cm~!, D,=—2181 cm™!, D¢=—467 cm~!, D, =106 cm™".
*Using the equivalent charge of the ligand O’~, g =1.88¢, we have D;=—118 cm~!, D,=587 cm~},

D,=—2158cm™}, Dg=—439 cm™ !, D,=358 cm~1L

fData determined from Mossbauer analysis [Huggins (Ref. 8)].

8Data from Manning (Ref. 3).

shift, and quadrupole splitting of Fe’* at the garnet D,
sites are also indicative of a highly ionic state. This shows
that the fitting parameters we chose are reasonable for
calculating the energy levels of Fe’* in garnet D, sites.

B. Spin-allowed transitions

There are five quintet states, i.e., >By, °B,, >B3, and two
A, states for Fe** at a D, site. Therefore, four spin-

allowed transitions are expected. The three intense near-
infrared bands at 4500, 6100, and 7800 cm ™! are assigned
to transitions from the >4, ground state to the °B;, °4;,
5B, states, respectively. Our theoretical value about the
transition °4,—°B, is also in agreement with the
Mossbauer data at 1100 cm~! (Huggins,® Amthauer
et al.'’). The order of the energy levels obtained in this .
work 6is the same as that obtained by Lin’ and Newman
et al.
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TABLE II. The assignments of spin-forbidden bands of Fe-pyrope garnet. All quantities are given

—1

in cm

Observed Moore and White (Ref. 1) Present work®
14500 3B,(H),*B,(H),’B;(H) 3B,y(H) 15001
16300 B,(H) 16598
17400 B,(H) 17573
19 100 3B(H),>4,(H) 3B,(H),’B,(H) 18759,19 485
19 800 34,(H) 20061
20100 34,(F) 20501

2Results of the superposition model.

C. Spin-forbidden transitions

As of yet, there is no theoretical work concerning the
spin-forbidden transitions of Fe?>* in garnet D, sites, but
there exist a lot of reports about the spectra of garnets
(Moore and White,! Burns,> Manning,? etc.). Our calcu-
lated results and assignments are given in Table I and a
few remarks about the spectrum are needed.

(i) The bands near 14 500, 16 300, and 17400 cm~! have
been assigned to the transitions to *B;(H), *B,(H), and
3B, (H) states, respectively. The frequencies of those three
bands are in close agreement with the calculations per-
formed in this work. D, group designations 3B,(H),
3B,(H), and 3B;(H) are from the D, splitting of the O,
group designation 3T, (H). It shows that the distortion of
the crystal field may be an important reason for the com-
plexity of the spectra.

(ii) Moore and White! pointed out that three bands near
23700, 24 300, and 24 500 cm ™! are due to Mn?* accord-
ing to Beer’s law dependence. Since these three bands are
very weak, the intensity of these cannot be measured accu-
rately. Furthermore, our calculated results are in good
agreement with the frequencies observed. These three
bands might arise from Fe?* at the D, sites. More exper-
imental work may be useful in this respect.

(iii) It can be seen from Moore and White (Ref. 1, Fig.
5) and Manning (Ref. 3, Fig. 2) that the band near 27 200
cm™! is stronger and wider than its neighbor. We as-
signed this band to the transitions to several states as
given in Table I. More precise experiments are needed in
this respect.

(iv) Table II shows our quantitative assignments for the
bands in the lower-frequency portion of the visible spec-

trum and the assignments reached qualitatively by Moore
and White.! They are very similar to each other.

IV. CONCLUSION

A calculation based on the superposition model and the
point-charge model using the d orbital for Fe’?* proposed
by Zhao et al. gives spin-allowed energy levels for Fe**+
at garnet D, sites of the same magnitude as that given by
Lin’ and Newman et al.® and also gives the spin-
forbidden transitions which are in close agreement with
optical absorption and Mossbauer spectral data. Two pa-
rameters, t,=3, t,=7, for the superposition model and
one parameter, g = 1.88e, for the point-charge model al-
low us to derive satisfactory results that are nearly the
same as each other. The assumed parameters indicate
that Fe’* at dodecahedral D, sites in pyrope garnet is of
a highly ionic nature, which is in accord with isomer shift
and quadrupole splitting data (Amthauer et al.'’). The
definite assignments in Table I show that the distortion of
the crystal field plays an important role in the complexity
of the spectra of Fe-pyrope garnets, since our results are
obtained using the actual symmetry D, of the ions sur-
rounding the Fe?+.
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APPENDIX: ENERGY MATRICES
OF A d*(d®) CONFIGURATION
IN A DODECAHEDRAL D, SYMMETRY FIELD
So far, no triplet energy matrices of d*(d®) configura-
tion in a D, symmetry field have been reported. Here we

TABLE III. The basis functions of irreducible representations of D, point-group symmetry.

SO; Oy Dy D, Functions
s Ay A, A, 10,0)
T, A, B, —i|1,1)
P | E B, —.-‘/1—§(|1,1>+|1,_1>)
B, ‘—/’_;(|1,1)—11,~1>)
E Ay A, [2,0)
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TABLE III. (Continued).
SO, Oy Dy D, Functions
B, 4, %2(|2,2>+|2,—2)>
D T, B, B, ‘,Lz(|2,2>—|2,—2>>
E B, %2(|2,1>—|2,—1)>
B, %2([2,1)+|2,—1))
T 4, B, —i3,0)
E B, —L1v3(13,3)+ [3,=3)—V3(|3,1)+ | 3,—1))]
B; —5[V3(13,3) =3, -3)+V3(13,1)— |3,-1))]
F 4, B, A %2( 13,2)— [3,-2))
T, B, B 7"2(|3,2>+|3,_2>)
E B, FIV3(13,3)+ 13, =30+ V5(]3,1) + |3, —1))]
By 2130133 = 13,-3)=V3(|3,1)— |3,—1))]
4, A 4, —Vlz_;[x/ﬁ|4,o)_x/§<|4,4>+|4,_4))]
T 4, B, ‘/_Lz( [4,4)— | 4,—4))
E B, 11014,3)— | 4,—3)+V7(|4,1)— | 4,—1))]
B, §[<14,3>+[4,—3>>—f7(14,1>+|4,_1>>1
G T, B, B, ‘%2<|4,2>—|4,—2))
E B, —+[V7(|4,3)— |4,-3))—=(]4,1)— |4,—1))]
By = IVI43)+ 14,30+ [4,-3)+([4, D+ |4,—1))]
E 4, 4, — = 1VI014.0) V(| 4,4)+ [ 4,—4))]
v
B A —( 4,2 4, -2
E 4, 4, —%2<|5,2>—|5,—2>)
B, 4, ——}2—<|5,4>~|5,—4>>
4, B, ——‘/"—§<|5,2>+|5,—2>)
T 4, B, —#2(|5,2>+|5,—2>)
E B, LIV14(|5,1) + | 5,—1)—V3(|5,3) + | 5,—3) +VT5(| 5,5) + | 5, —5))]
B _é[mus,n_|s,—1>>+1/3<|5,3>—|5,—3>)+‘/1_5<l5,5>—|5’—5>>1
H T, A, B, i|5,0) '
E B, S [V30(|5,1)+ |5, —1)—=V/35(|5,3) + | 5,—3))—3V7(|5,5) + | 5,—5))
B, —%[@qs,l)—15,—1>)+1/3_5(|5,3)-|5,—3))—3\/7(|5,5)—|5,f5>)]
T, B, B, —‘—}2—(|5,4>—|5,—4))
E B, %lﬁus,ln|5,—1>>+9<|5,3>+|5,—3>)-\/§<|5,5>+;5,—5))
B L (5,1)— |5, —10)=9(|5,3) = | 5,—3)—V/3(| 5,5) — | 5,—5))]
3 16 _‘/4—2 ’ ’
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TABLE IV. The triplet 34, energit matrix elements,
C4,CD)| ZP|*4,(D))=al,, (*4,(°D)| I V|°4,(D"))=al,

=al,=(4,0D)| I P 24,CD)), (C4,CD)| 3P |24,CF))=al;

=al,=(4,CF))| EVPA (D)), ..., 04,CH) | 3V |%4,CH"))=al, .
3Al 3D 3DI 3F1 3F2 ’ 3G 3Gl 3GII ‘ 3H 3H/
D ,a},l a{,z a},a 01,4 a%,s a{,s a},7 a%,s a},9
3Dr 1 1 1 1 1 1 1 1

az: azs Qs as a6 azs ass azo

3Fl 05,3 05,4 a§,5 05,6 a;,v ag,s a§,9
3F2 ais ajs ais ai, alg ajs
3G a:’»,s ag,s a§,7 aé,s a%,s
G’ aé,e aé,7 aé,s 0115,9
G ’ als als aly
‘H azlx,s 0:‘;,9
) & asl),s
where a/ j (—a,,)are as follows

al, =2(6D,— 11D, —11D,)—5B +4C +6at, a12=—2;/_13(_31)§+1w,,)

a%rm(w +5D,—D,), aH—‘;:/( —4D, 45D, —D,)

a15=[i(20D +45D,+3D,), ale=2Y13(40D,+33D,)

105
a},v 2 (4D§—3D ), a,s—_—————l 0(_351) +D,)
21/210

a{,9= 15 D,,

a},=4(—2D,—~22D,)—5B +4C +6a, a;= 4"2121 (3D;—4D,)

5,4=4‘721(—D§—D,,), a;,5=‘“ (—5Dg+2D,), azs—ﬁ(—20D +25D,—7D,)

a%,7=ﬁ(4Dx_‘5Dq"“Dt)) a;"sz__Z—LZIOD"’ a;,9= 2V 70D,

7 15 35
al;=+(1D,+D,)—2B+7C +12a, a},=12B, a};s= ‘“ 3 (3D, +5D,—D,)
ale=2Y19(_3p, tap,), a§,7=-2£-(——3D5+4D ), a§s=2—w(—3D —5D,+D,)
105 3 15

a}o=2200Dc—4p,)

al4=-+(—7D,—D,)—8B +4C + 12a, a,},5=———‘7(3)5(4p,—5D,,+D,)

ai,s=%<~D§—Dn), ai,v=?(—D; ,,),,au:———‘o(—w +5D,—D,), alo= ” 30

a}s=5(8D;+165D,—45D,)— 12B +4C +20a, a§,6=%( —11D;—25D,)
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TABLE IV. (Continued).
3A1 3D 3D' 3Fl 3F2 BG 3Gl 3Gu 3H 3H:
al,=Y195 (b 13D,), aby=L1%(_28D,—35D,—5D,), aly=—242p,
’ 35 #*="70 5
11 ] 1 V 5
ale=-(—8D,—235D,—35D,)—12B +4C +20a, al,= (—4D,+5D,+D,)
alg= ”1‘5*2 (4Dg+5D,), abo=" 4(28D —35D,+5D,)
a}y=1(—7D,+D,)—12B +4C +20a, als= ”1§°<—8D5—D,,), a}o="22(4D,—5D,~D,)
a}s=+5(—6D,—10D, —10D,)—17B +4C +30a, aé,9=%(—3D5—10D1,)
a}9=%(D;—10D,)—17B +4C +30c
TABLE V. The triplet 3By (k =1, 2, or 3) energy matrix elements,
CBCP) | 3 P°BCP))=b%, , CBiCP)| 3 P|°Bu(’Py)) =bf,
=b%,=CB(CP,) | 3 P|’BCP)), ..., CBCH")| 3 VB CH")) =bbs 1 .
SBk 3P1 3P2 3D 3Fl SF'I 3F2 3F; 3G 3GI 3H 3HI SHU
3Py bt, b%, b%; bk, b¥s b¥s b%, bts bts bt 10 b1 bt 1
P, bk, b, b, bk s bk bk, b%s b, b% 10 b5 b5 12
D b%s b%s b%s bYs ' b%; bks bk, b% 10 b1 b% 1
*Fy bis bis bis bk bhs bls bl 1o bl b1
3F"l bg,S b’S‘,6 blS‘, b’.‘)‘B bIS‘,9 b§,10 b’S‘,ll b’S‘,lZ
’F, bk b§,7 b’s‘,s bk, bk b’s‘,n bls‘,lz
3Fy b§,7 b!/cs bl7‘,9 b’7‘,10 b’7‘,11 b’7‘,12
SG bg,S b18‘,9 b§,10 bg,ll bg,lZ
¢ b§,9 bg,to bg,n bg,ll
‘H bll‘O,IO b’fo,n bfo,lz
*H' bllcl,ll b’fl,lz
SHH b’l‘Z,lZ
where b;; (= b};) are as follows:
bli=1D,—7B +7C+2a, bl,=—24D +avTaB, bl,=— 201D, },=£0GD,+5D,)
b},5=4‘1515(D§+D,,), ble=-(6D,—25D,), b{,7_‘“ 5(2D§—5D )
43 421 2V72 28v'6 2V
big= 5 D,, blo=— 5 D,, b{,10=—TDn bin= 15 D,, bin= 370Dq
bla=—3D,—3B+4C+2a, bla=—220D,, b}, =2L14(33D,—s50D,)




bé,u=—Tl4(28Ds+35Dq_5D,), b;’n:_zv 30

(3D¢—D,)
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TABLE V. (Continued).
g ’P, P, D ’F, ’F ’F, ’F; G G’ *H SH' SH"
2V210 , _ V1a . V3210
b}s= 11D¢—10D,), b 24D, +5D, =
2,5 105 ( & ) 26=0s —( + ), b= 105 (8D¢+D,)
17V42 17V'6 27 421 2V'5
18=— 105 D, bio= 15 D,, byio="_—" 35 ==D;, b}y=— 5 D‘r]! b212——TD
b} 3= (6D;—11D,+11D,)—5B 4+4C +6a, b;,,,_‘“los (3D¢+10D,)
bls= ‘/7(30 +5D,+D,), b§,6=1———‘1°5(—2pg+50,,) b37=ﬁ(_41> +5D,+D,)
blo= 1‘05 (—10D;—3D,), b39=[—5—(20Ds+45D —3D,), bg,w=2‘1§1°D,,
V70 2v'6
b;,ll=_ﬁ(351)q+Dt)a b§,12=—“3‘“D
bly=-2(—2D,—15D,)—2B +7C +12a, b45=2———‘5(D§+D,,) ble=—2D 1128
14V'15 8V3 221 42
bis=—15"Dg, big=——13"Di, big=""(—45D;—52D,), biw==""7"D,
byn=— 2‘/—6<SD; 20,), blu=—2Y12D,~3D,)
bls=1(7D,—D,)—2B +7C +12a, bls= 141‘5/_05, bl,=12B
b58=2—‘/—_5—(305 —4Dy), bly=2LBGD, 45D, +D)), bl0=22206De-4aD,)
, -
bhu=—2206D,+5D,+D), blu=—222(Dy+8D,)
ble=-(—22D, +45D,)—8B +4C +12a, b“——”(upg 3D,), bsg_‘l/sgp
blo=Y2L(_15p.413D,), blio=—3Y2D,, bi,—— Y8 (10D,+3D,)
105 5 15
bly=—Y1%4p, +9D,)
21
bl;=L(—7D,+D,)—8B +4C + 12a, b;,,;:—‘g_i(uﬁp,,), b;,9=———”7(3)5(4ps_51),,_p,)
117,10-—2 0(D§+D,,) b'll,u:__l(l)QMD‘“SDq“Dr)’ b%»n_“—zi(bg 6Dy)
bjs=+5(—2D,—15D,)—12B +4C +20a, b§,9=%§_1(D§+151),,)
bhio=L8(—aD, +5D,), bhu=—L2(—2D445Dy), bhn=—YL20p,
5 5 105
blo=-(8D,+165D, +45D,)—12B +4C +20a, bl o=— 2‘542 D
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TABLE V. (Continued).

*By Py P, D ’Fy *F °F, ’F) ’G G’ *H H' ‘H"

blo10=2(D,—10D,)—17B +4C +30c, bio,u=—¥<3vg+1opﬂ>, blosn=—L32D,

b= 5(=3D,—5D, +5D)— 178 +4C +30a, b1 =21 (D;—2D,)

bls12=3(—D,;+6D,)—17B +4C +30a

bhi=5(~D,+3Dp)~TB +7C+2a, blo=25 14D, —3Dp+4vTas, b1,=H2 0D, +Dp)

b2 4= -1 (—21D, +15D, — 5D, —24D¢—10D,), bls=- 15(—4D,+5D,+D,+8D§—6D,,)1

b2 g =-5(—24D, 75D, +25D,—48D;+50D,), bl7=————-L5(——8D —25D,— 5D, +16D¢+30D,), b,s=ﬁ(—3qu+p,—14b,,)
P

b%,gzﬁl(_qu—o,—lop,,), b2 0= ;(/)3(51),+D,) b2y = ”6(7)0(150q-sp,+8u,,), b,u_‘/i(35D —D,—56D,)

b32=13(D,—3D)—3B +4C +2a, bla=230D,+Dy), b3=LLH(—66D, —75D, +25D,~ 132D;+50D,)

bls= ‘zf(l)o(—zzp —25D, 5D, +44D; +30D,)), b%,ﬁ_———;‘“;‘(—%p 415D, — 5D, — 192D, — 10D,)

bl =2 210(—32D 45D, + D, +64Dg—6D,), biy= 178”4(;‘2(350,,—D,+14D,,) b”—%(w +D,+10D,)

b§,10=——”331<5p,,+p,) b211=£(—15D,,+5D,—8D ), bm_}{( 35D, + D, +56D,)

2 1

b33 =4 (—3D, +-44D, + 9D, +44D,)— 5B +4C +6a, bl,= ‘105 (—6D, +25D, + 5D, +24D;+10D,)

b§,5=—2‘/—1—— 6D, +25D, —3D,—14D,), ble= ”1135(8D,+25D,,+5D,—32D§+10D,,), b2, = ‘;: (8D, +25D, —3D,— 14D,)

b3s="22(—40D, +15D,+3D,~42D,), b§,9=—£—(—4ops+151)q—2w,—1601)5+78D,,), b10="5-R(—35D, +9D, +28D,)
\/_ V210

b3=—7-(=5D;—Dy+4Dy), bin= 62010 5D,—D,+4D,)

b} 4= (8D, —45D YIS

2, =L o+ 15D, +6Dg —120Dy) —2B +7C +12a, bl3= Y >(—4D,+5D,+D,—2Dg—16D,)

ble=-(4D, +3Dg)+12B, b3,7_7‘ 15 _2p,—Dy), bly= ﬁ(mp 2D, +45D;—32D,)
vai Ve

b49=m(90D — 130D, —26D, —45D;—80D,)), bi,m=3—06(101)s+50q+1),+2opg+2op,,)

b1 =212 (20D, +45D, — 15D, — 30D, —51D,), bz,n=—‘l/—(;2—(—3sp.,+p,—1opg+1w,,)

bls=-(—7D,—3D,—6D¢+8D,)—2B +7C +12a, bls= 7——;015<—2D,—D§), bl,=—1D;+12B

bls= £(6D +10D, +2D,+9D;+16D,), blo= ‘7(3)5(—12Ds+sop,,—6p,—2w§)
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TABLE V. (Continued).

3Bk 3Pl 3P2 3D 3Fl SF; 31;'2 3F£ JG 3Gl 3H 3Hl SHII
b30= ‘30 (6D, —25D,+3D,—12D;—40D,), b§,“=—‘4;’2(2D,~2OD,,—4D,+1OD§—110,,)
bm=—‘°(6D +10D, +2D,—6Dg +D,,)
2 1 2 V 5
b =5(88D;+135D, —45D, +66D;+360D,)—8B +4C +12a, bf,=—— 120 44D; —15D, —3D; —22D¢+48D,)
b63=1—‘;_%( 35D, 4D, +30D;+16D,), b§,9=——‘840(60Ds+65Dq+13D,—30D5+4OD,,)
bé,,o=§g(40Ds—15Dq—3D,+80D5——60D,,), biu= ‘84700(801) —135D, 445D, — 120D+ 153D,,)

V2
bt 12 = (105D, —3D,—40D; —33D,,)

1 '\/g
b}7=5(7D,+3D,—22D;—8D,)—8B +4C +12a, b7g=——(4D —5D,—D;+6D¢—8D,)
b79=—;i;()5(—8D —25D,+3D,—14Dy), bm_—‘o(sp +25D,—3D,—16D;+40D,)
b}, = ‘168 (8D +60D, + 12D, +40D¢+33D,,), bm=—‘° 8D, — 10D, —2D, —8D¢—D,)

V7T

b3 s =15 (8D, —45D, +15D,— 6D+ 120D,)— 12B +4C +20a, bis=

*210 (35D, — D, 168D;—7D,)

280 (4Ds —75D, — 15D, — 14D¢)

bg10=ﬁ(8D,+25D,,+5D,—48D§-20D,,) b=

b1 =%< 16D, + 15D, — 5D, +8D; +15D,)

b39 =555 (— 16D, 41035D, — 105D, —78D;— 120D, ) — 12B +4C +20a, bé,w_ v 4(56D +35D, + 15D, —112D;)
bg11——:2(?(24D,+10Dq+2D,+24D§~43D,,), b%,u=%(—8Ds+8D;—5Dq>

Vv 105

b30,10 =05 (12D, + 160D, + 6D+ 160D,)) — 17B +4C +30a, bl = (—4D, — 10D, — 2D, +D,+ D¢ +8D,)

b2 = ‘/03 (—12D, +50D, + 10D, —33D; —40D,))

x/_s

bi1,11 =25 (8D, +36D, — 12D, —3D; —48D,) — 17B +4C +30a, bt,n=—>-(140D, —4D,—7D¢+112D,,)

b%,,1 = 25 (— 8D, — 60D, +20D, —39D; +80D,,) — 17B +4C +30a

2\/_4 41/1705

b} =15(—D;—3D¢)—7B +7C +2a, bi,= (D, +3Dg)+4V'14B, bi;=

(D,—Dy)
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TABLE V. (Continued).

SBk 3P1 3P2 3D 3F1 3F’1 3F2 3F£ 3G 3Gl SH 3Hl SHN
3 = bls=Y15(_4D, 15D, +D,—8D;+6D,)
bla=%(—12D,+15D,— 5D, +24D;+10,), bs=~3->(—4D,+5D,+D,—8D;+6D,
b} 6= (—24D, —75D, +25D, —48D;—50D,), b= ”3(')5(—sog—zqu—sp,—16135—30D,,), b%,s=_§‘/63-(_3qu+p,+14p,,)
1% ,‘/_
b?,9=—320—1<~5Dq~D,+10D,,), b?,lo=~73—‘/o—£(51>.,+D,) b1u=——”°(15D, 5D,—8D,), b},= 02(351),,_1),+5ep,,)
bla= 3D, +3D) 3B +4C +2a, b3s =22 D,—Dy), b34= LI~ 66D, ~75D,+25D,+132D¢—50D,)
V2 V14
b3s= 210 0 (—22D,—25D,—5D,—44D;—30D,)), bl6="gap (—96Ds+15Dy—5D;+192D;+10D,)
b3, =Y20(_35p 15D, 4 D,—64D;+6D,), blg=-1" 42(35D,,—D,——14D,,), blo=17Y8(sp 4 p,—10D,)
7= 7840 =" 840 120
bo=Y2L(_sp,—D,), blu=Y(—15D,+5D,+8D,), bin=L1(—35D,+D,~56D,)
30 60 140
b5 =4 (3D, +44D, —9D; —44D,)—5B +4C +6a, bl="102(—6D,+25D, +5D,—24D;—10D,)
b§,5=§(—6DS+25Dq-3D,+14D,,), blg= ”1185'<SD,+2SD,,+5D,+321>§—10D,,), bl,= ‘/Z 8D, +25D, — 3D, +14D,)
b§,8=———‘35(-401),+1qu+31),+421),,), b§,9=———£(—40D 415D, —21D,+160D;—78D,), b= ‘210 (—35D,+9D, —28D,)
bg,u——‘/g(——ﬂ) ~D,—4D,), b}n="28(~5D,—D,~4D,)

\/_5

b} 4= (8D, —45D, + 15D, —6D¢+120D,))—2B +7C +12a, bis=

ble=4(4D,—3Dg)+12B, bi,=Ti13(—2D,+Dp), bi,g=—‘3—/§(7op,,_zu,_4spg+3w,,>

blo= ——‘210(901) — 130D, —26D, +45D¢+80D,)), bi,,o=—3‘/_0_6_(10D,+5D,,+D,—201>5—20D,,)

(—4D,+5D, +D,+2D;+16D,)

.
biu =—2%(201)3+45D,,— 15D, +30D¢+51D,), bi,,zz—‘l/—()l(_35D,+D,+ 10D, —11D,)

b s=-y(—7D, —3D,+6D;—8D,)—2B +7C +12a, b“_'” 15 (_2D,+D;), bl,=1D;+12B
bg,s=_-‘/§(6D,+10Dq+2D,—-9D5—l6D,,), big= 735(-12D,+50Dq——6D,+21D5)
b= ——°<6D —25D, +3D,+12D¢+40D,), b%,,,:—-—”‘éz(2D,-201),~4D,_101)5+11D,,)

s
bé,u:—g%(l(spﬂu 10D, +2D, + 6D — D)

b} =135 (88D, + 135D, —45D, — 66D —360D,) —8B +4C +12a, bl;= ” 5(—441) —15D, —3D,+22D5—48D )
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TABLE V. (Continued).
3-Bk 3P1 3P2 3D 3F1 3F; 3F2 3F; 3G 3Gl 3H 3H: 3Hu
V3 ' vV
bis=5a(—35D,+D,—30D;—16D,), biy="521(60D, +65D, +13D,+30D;—40D,)
b§,10=;;_—g(40D3—15Dq—3D,—80D§+60D,,), b= ‘84700(8017—135Dq+45D,+120D§—153D,,>
bg,,z=7‘4(02—(105D,—3D,+40D5+33D,,)
3 1 Vv'5
by =+(7D,+3D,+22D; +8D,)—8B +4C+12a, bis=-7 >(4D,~5D,—D,—6D;+8D,)
blo=2(~8D,~25D, +3D,+14D;), b10=-50 (8D, +25D, —3D; +16D; —40D,)
Vi V30
b1 = (8D, +60D, + 12D, —40D;—33D,), b%lz=—ig—0(8DS_1QDq_2Dt+8D§+D1’)
bl 3 _3V7
b.4= % (8D, 45D, + 15D, +6Ds — 120D, — 12B +4C +20a, bl=CT(4D,~75D, 15D, +14D;)
’ V210

b3 o= %(SD, +25D,+5D,+48D¢+20D,), b3 = (35D, — D, +168D¢+7D,,)

840

b3 = %( 16D, + 15D, — 5D, —8D; —15D,,)

b}o =k (— 16D, +1035D, — 105D, + 78D +120D,) — 12B +4C +20a, b3, ;0= 2i2(56D, +35D, + 15D, +112D)

280
b3 =~ (24D, + 10D, +2D, ~24D; +43D,), b}12 = ~our(—8D, —8D;+5Dy)
blo10="25(12D, +160D, —6D;— 160D,)— 178 +4C +30a, blo =~ 0>(—4D,—10D,—2D,—D;—3D,)
b%o,u=T“/g(—12Ds+50Dq+10D,+33D5+40D,,)

V35

b= 24(8D +36D,—12D,+3D¢+48D,)—17B +4C +30a, b} p=—> (140D, —4D,+7D;—112D,)

280

b},12 =2 —8D, —60D, 20D, +39D; —80D,) — 17B +4C +30a

give these energy matrices obtained with the weak-field <+2|j}| +2)=2D,+D,, (*1| I?vl +1)=—D.—4D
- - s q> - -4/ = s )

approximation scheme.

The definitions of crystal-field parameters are (£2] f/\'| F2)=D,, (+1|P|F1)= —3D¢+4D,,

Ds=—%e‘1371;—3<’2>’ quéeqaRLsO“)’ (+2| 7| £1)=0, (+1|P|0)=0, (+2|P|F1)=0,
A A

ED S _2 1 /2
D,—sequj (r*), D§—7equ(r ),

(0| P|0y=—2D,+6D,, (+2|P|0)=—V&(Dg+D,).

s 1,4 The basis functions of irreducible representations of D,
Dy=—7eq SF(’ ). point-group symmetry are given in Table III. The func-
4 - tions are all of the form | L,M ).

The single-electron matrix elements are The quintet energy matrix elements are
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<5B1(5D) ‘ > I7|SB,(5D)>=—2D,—Dq+Dt ,
<5B2(5D) ‘ > f}‘sBz(sD)>=D_g +4D, —3D¢+4D,, ,

(533(51)) =7

533(5D)>=Ds+4pq+3pg—4p,, ,

5A1 l 5D SDI
| —2p,—p,—D, 2V3(Dg+D,)
2D,—6D,

The triplét energy matrices are given in Tables IV and V.
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